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In this short note we construct a simple cut-and-join operator representation for Kontsevich-Witten 
tau-function that is the partition function of the two-dimensional topological gravity. Our derivation is 
based on the Virasoro constraints. Possible applications of the obtained representation are discussed. 
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^ ! Introduction 

Since the early nineties, when the spectacular Witten's conjecture PQ was proved by Kontsevich [2] , Kontsevich- 
Witten tau-function, that is the partition function of two-dimensional topological gravity, became an inevitable 
part of mathematical physics. It arguably can be considered as an elementary building block for more com- 
plicated partition functions of the "Generalized Topological String Theory," which unifies conventional topo- 
logical strings with other theories of the topological/combinatorial invariants possessing universal integrable 
properties^ As a consequence of its special role the Kontsevich-Witten partition function is very well stud- 
ied and a lot of elements of universal description, which are still lacking for more complicated models, are 
known in this case. Among such interrelated elements are Virasoro constraints, integrable properties, mo- 
ment variables description, random partitions representation, spectral-curve-based description, a vast net of 
connections with other models and, of course, Kontsevich matrix integral representation. This famous matrix 



integral is probably the most convenient explicit expression for the Kontsevich-Witten tau-function. The 
matrix integral representation is very useful in some cases, in particular for understanding of the integrable 
properties or derivation of the Virasoro constraints. In other cases such representation is not so efficient. The 
reason is that Kontsevich matrix integral explicitly depends on the external matrix but not on the KdV times, 
which are Miwa combinations of matrix eigenvalues. 

In this paper we derive a simple representation of the Kontsevich-Witten tau-function in terms of the time 
variables. We claim that the existence of the representation of this type is one more universal property of the 
topological/combinatorial partition functions. Obtained representation resembles the cut-and-joint operator 
representations for the generating functions of the single Hurwitz numbers [H[S] and for Hermitian matrix 
model [BJ. Namely, the tau-function is given by the action of the exponent of the second order differential 
operator on the trivial initial conditions: 
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Z K — e -1 



(1) 
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1 However see [3], where it is claimed that the partition function of CP 1 model should be considered as the most elementary 
one and Kontsevich-Witten tau-function is just its particular limit. 
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where the operator is 
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Our derivation is based on the existence of Virasoro constraints and homogeneity properties of the partition 
function. The derivation is very straightforward and directly follows the derivation by Morozov and Shakirov 
[6] of the similar representation for another important matrix model, namely for the Hermitean one. 
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1 The formula 

Kontsevich matrix integral 

_JJ1 

J[d$]exp(-iTrM^ 

gives a particular representation of the Kontsevich- Witten tau-function with times given by Miwa variables 

Tfc= (2lTT) Tr A^ (4) 

It is assumed that the tau-function depends on the infinite set of the independent time variables r, that 
mins that the size of the matrix tends to infinity. In this limit the integral satisfies to an infinite set of the 
differential equations known as the Virasoro constraints 

d 

L n Z K = Z Kl n>-\ (5) 

dr n+1 



where the operators 
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constitute a subalgebra of the Virasoro algebra: 

(n — m (7) 



Let us introduce a graduation, so that degr^ = 2k ^ 1 and degg = 0. Then the partition function, as a formal 
series in r, consists of terms with non-negative degree 



Zk = J2 Z k (8) 



fe=0 



with deg Zj^ = k. Each Zip is a polynomial in variables r, in particular it is obvious that Zjp = 1. From 
the point of view of the matrix integral © this expansion is very natural - it is an expansion of the potential, 
namely: 

, W = (-1)* J[^](Tr^) fc ex P (-lTrA|!) 
* ^(3!.9) fe J [d $]exp(-lTrA^) U 
Let us introduce the degree operator 
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so that 

At the same time from the Virasoro constraints (JS|) it follows that 



bzf = kzf (n) 



wz K = bz K (12) 



where 
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(13) 
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Since deg Lk — the degree of the operator W is equal to one: 

degW = l (14) 
Now taking the terms of the same degree from the left hand side and the right hand side of (fT2|) one gets 

Wzf = (fc+l)4 fc+1) (15) 

from where it follows that 

*?' = = ™ 

After summation over k we obtain the desired formula 



Z K = e w -l 



(17) 



Applying the obtained expression one can easily get an explicit form of the low degree terms of the tau- 
function, for example: 
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(18) 



Of course, these expressions coincide with the known (see e.g. [9|I10|) low degree terms of the tau-functionH 

2 Conclusion and open questions 

In this short note we have derived a simple operator representation for the Kontsevich-Witten tau-function. We 
claim that obtained representation might be useful for subsequent development of the theory of topological and 
combinatorial invariants, in particular for understanding of the decomposition formulas [9rH3|. As Kontsevich- 
Witten tau-function is a key element of the decomposition formulas, the cut-and-join type representation for it 
allows one to consider on equal footing both intertwining operators and partition functions. The only difference 
between them is that the intertwining operators are quadratic in the current components and correspond to 
the quantization of the quadratic hamiltonians |11) . while partition functions are given by an action of the 
cut-and-join operators, which are cubic or of higher power in the current components and perhaps correspond 
to the quantization of the cubic or higher power hamiltonians. 

For instance, now the decomposition formula for the Gaussian branch of the Hermitean matrix model 
[10j[T2] can be reformulated purely in terms of the cut-and-join-type operators action on the trivial initial 



3 Using MAPLE we managed to compute terms up to degree 6, and the cut-and-join operator representation turnend out to 
be rather efficient for the explicit calculations. 
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conditions. The same is true for another relation of similar nature, which connects the Kontsevich-Witten 
tau-function and the generating function of simple Hurwitz numbers via Hodge integrals [4t[5l lllill4j . In 
particular, representation of the form (|17[) for the generating function of Hodge numbers follows immediately 
from the known connection with the Kontsevich-Witten tau-function. The only modification is the change of 
the cut-and-joint operator, which for the Hurwitz numbers is given by 

W H = UWLf- 1 (19) 

where U is as in [5]. To compare this representation with the standard cut-and-join operator of the single 
Hurwitz numbers one should be able to deal with not invertible change of variables [H[S]. This obstacle 
probably indicates an existence of the natural deformation by some (infinite) set of times. 

One more way to use the decomposition formula is to represent the partition function in terms of the 
moment variables. For the Kontsevich-Witten tau-function this representation is well-known 7 . Unfortu- 
nately, the representation obtained in this paper does not manifest polynomial structure of the higher genus 
free energy in terms of the moment variables. Our attempts to modify operator formula so that polynomial 
structure becomes transparent were not successful. 

Is spite of the transparency of our derivation there are still some open questions, both conceptual and 
technical. Let us mention several properties, which are important for the usual cut-and-join operator of [H[S] 
and not obvious for (|13|) . First of all, it is not quite clear to us, if the obtained operator has any natural 
meaning in the corresponding to KdV hierarchy sl2 subalgebra of gl(oo). To the best of our understanding, 
operator (|13[) does not belong to this symmetry subalgebra of the universal Grassmanian. Second, cut-and- 
join operator of the Hurwitz theory acts in the natural way on the space of the symmetric function, but for 
the operator (|13|) such action is not known at the moment. 

It would be useful to have similar cut-and-join representations for other matrix models, such as complex 
matrix model, BGW model and Generalized Kontsevich Models. It might be even more interesting to construct 
the cut-and-join representations for different partition functions of topological strings, for which Kontsevich- 
Witten tau-function is the simplest example. The first natural candidate here would be CP 1 . Since in this 
case Virasoro constraints do not fix the partition function unambiguously, it is hardly possible to derive cut- 
and-join representation from them. On the other hand Virasoro constraints are powerful enough to restore a 
full partition function from the function dependent only on the stationary sector variables [T5] , which is much 
more simple and is naturally given by the random partition model. We claim that this reconstruction can be 
done by a particular operator of the cut-and-joint type constructed from the Virasoro constraints. 

It would be also interesting to clarify the connection of the obtained representation with another approaches 
to the subject, especially with Eynard technique |16j . We are going to develop some of the above mentioned 
topics in the subsequent publications [T7] . 
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